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In recent years several video films by smart-phones documented observed properties of ball lightning.
Now a unique event in Mitino, Moscow region, combines BL filmed from three different locations [1].
Nikitin and colleagues obtained its distance, diameter and velocity at various moments of time. The BL
approached and finally disappeared at wind velocity 15 m/s. For about 80 s it moved within heights 4050 m, width 100 m and 12 m depth, before rising cloud-wards with velocity 6 m/s. Such behavior may
serve as evidence for its material nature.
Conclusive data from ground-based stations, airborne detectors and satellites establish lightning and
thunderclouds as natural particle accelerators [2,3]. During a winter thunderstorm in 2017, lightning
struck near the monitor station at Kashiwazaki-Kariwa, Japan. Enoto’s team reports nuclear reaction
channels including neutron capture, positron emission and electron-positron annihilation. Observed
decay rates and spectral cutoff agree well with laboratory data on gamma-ray energies and nuclei
excited by neutron capture.
Ishtiaq reports a unique neutron burst at Gulmarg Cosmic Ray Station in Kashmir, India from lightning
impact on a nearby tree [4]. Time-of-flight for neutrons gave 2.45 MeV as their initial energy. This only
event is cautiously identified as from deuteron-deuteron fusion reactions. Already in 1985 Shah et al.
reported neutron counts from lightning near Gulmarg station [5]. Even earlier similar equipment
installed by Ashby & Whitehead had detected electron-positron radiation during severe thunderstorm
activity near Abingdon, UK [6].
Following Golde we model lightning currents measured at ground
level as discharge of a capacitor C in series with a resistor R and
an induction coil L [7]. For this elementary circuit Eq. 1 solves
Kirchhoff’s voltage law by currents i featuring exponential decay
constants λ, µ:
𝐿𝐿𝑖𝑖𝑡𝑡𝑡𝑡 + 𝑅𝑅𝑖𝑖𝑡𝑡 + 𝑖𝑖/𝐶𝐶 = 0
𝑖𝑖 = 𝑖𝑖0 �e–λ𝑡𝑡 − e–µ𝑡𝑡 �

τ ≡ 𝑅𝑅/2𝐿𝐿

𝐾𝐾 2 ≡ 𝐿𝐿/𝐶𝐶𝑅𝑅2

τλ = 1 − �1 − 4𝐾𝐾 2

τ𝜇𝜇 = 1 + �1 − 4𝐾𝐾 2

(1)

where time scale τ and circuit quality K define the conventional
reference parameters. For initial time t=0 the decay terms cancel.
At later times the circuit quality condition K<½ imposes a-periodic
solutions without zero’s that would reverse the current direction.
Figure 1 plots profiles for observed time and current ranges.
The opposite condition K>½ introduces periodic current reversals.
For Jennison’s iconic ball lightning event we found vortex loops
wound uniformly on a perfect sphere [8,10]. For lightning channels
we adapt such solutions to cylindrical geometry through:
{𝑥𝑥, 𝑦𝑦, 𝑧𝑧} = {sin(𝑛𝑛𝑛𝑛ℎ), −cos(𝑛𝑛𝑛𝑛ℎ), �}
Red helix:
Quarter arcs: {cos𝜑𝜑/2𝑛𝑛, −1, ±1 − (1 − sin𝜑𝜑)/2𝑛𝑛}

Figure 1. Range and shape of light-ning
current at ground level by Eq. 1.

(2)

where quarter arcs at top and bottom smoothly join the helix tubes
shown in Fig. 2. Internally each tube section is force-free by virtue
of aligned current and magnetic field vectors. Externally Lorentz
forces oppose collapse of adjacent tube sections. Thirdly elastic
forces from stretching along tube axes cause inward pressure on
the cylinder mantle. Notably this elastic force is independent of
tube length at conservation of tube volume. Corresponding state
laws for pressure and entropy clarify the enigmatic behaviour of
ball lightning as a thermodynamic system [9].

Figure 2. Loop winds tube by Eq. 2.
Colors highlight opposite currents.
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Our boson model treats ball lightning as a turbulent plasmoid threaded by a coherent structure of
string-like vortex filaments. From split-quaternion space in real matrix form we found kinematic
solutions for spherical eigenstates characterized by chiral flow patterns [2]. Torsion for swirling motion
adds dynamics for canonical eigenstates by criteria connecting Hamiltonian dynamics with symplectic
matrices [10].
Our real matrix format for quaternions defines four elementary 4 4 matrices as partial derivatives with
respect to four independent co-ordinates [11]. Their product rules resolve quaternion space into three
complex planes sharing a common axis. By elliptic geometry quaternions serve for static solutions in
3D space. Quaternion matrix Q combines three complex planes in a collinear triplet through:
𝑤𝑤 −𝑥𝑥 −𝑦𝑦
𝑥𝑥 𝑤𝑤 −𝑧𝑧
𝑞𝑞 ≡ � 𝑦𝑦
𝑧𝑧
𝑤𝑤
𝑧𝑧 −𝑦𝑦 𝑥𝑥

−𝑧𝑧
𝑦𝑦
−𝑥𝑥 �
𝑤𝑤

,

𝑢𝑢 ≡ 𝜕𝜕𝑤𝑤 𝑞𝑞
𝑖𝑖 ≡ 𝜕𝜕𝑥𝑥 𝑞𝑞
𝑗𝑗 ≡ 𝜕𝜕𝑦𝑦 𝑞𝑞
𝑘𝑘 ≡ 𝜕𝜕𝑧𝑧 𝑞𝑞

𝑞𝑞 = 𝑢𝑢𝑢𝑢 + 𝑖𝑖𝑖𝑖 + 𝑗𝑗𝑗𝑗 + 𝑘𝑘𝑘𝑘
𝑖𝑖 2 = 𝑗𝑗 2 = 𝑘𝑘 2 = 𝑖𝑖𝑖𝑖𝑖𝑖 = −𝑢𝑢
det(𝑞𝑞) = (𝑤𝑤 2 + 𝑟𝑟 2 )2
𝑟𝑟 2 ≡ 𝑥𝑥 2 + y 2 + z 2

;

(3)

With u as identity matrix the product rules in Eq. 3 resolve quaternion space into three complex planes
(w,x), (w,y) and (w,z) plane with elliptic geometry. Plus signs in det(q) imply co-ordinate domains with
imaginary roots for imaginary eigenvalues of matrix q. Quaternion space admits calculus by virtue of
six local and six global regularity conditions validated by inductive proofs [11]. Elementary projections
reduce our regularity conditions to Cauchy-Riemann form for each sub-plane.
Quaternion matrix q carries two conjugate complex eigenvalues counting twice as double zeroes of its
determinant in Eq. 3. These eigenvalues furnish four complex eigenvectors spanning reciprocal space.
Remarkably, eigenvectors define subspaces in conjugate pairs independent of leading co-ordinate w.
Starting from a uniform grid, product rules parametrize the eigenspace of quaternions through:
�

−𝑥𝑥𝑥𝑥 − 𝑟𝑟𝑟𝑟 −𝑥𝑥𝑥𝑥 + 𝑟𝑟𝑟𝑟
𝑥𝑥𝑥𝑥 − 𝑟𝑟𝑟𝑟 𝑥𝑥𝑥𝑥 − 𝑟𝑟𝑟𝑟
, 2
, 0, 1� , � 2
,
, 1, 0�
2
2
2
y + z2
y +z
y2 + z2
y +z

(4)

with r as norm of its vector part {x,y,z}. Figures 3a,b show spherical solutions with field patterns drawn
by quaternion functions. In Fig. 3a stereographic projection turns wedge flow in the complex plane into
a Von Karman-type staggered equatorial vortex belt [11]. In the same way Fig. 3b turns a complex
Joukowski potential into cusped potential surfaces [12]. Chiral loops in Fig. 3c result from the footprint
of twin dipoles in a split-quaternion plane.

Figure 3. (a) Potential and streamlines
form a staggered vortex belt [11]

(c) Chiral vortex loops tile sphere
across a baseball borderline.

(b) Characteristic surfaces plot
field with Meissner-type cusps [12].

Split-quaternions differ from the regular ones only by positive or negative signs in various formulas.
Again the split-quaternion matrix defines four elementary 4 4 matrices as partial derivatives with
respect to four independent co-ordinates. Split-quaternion matrix s combines one complex plane and
two split-complex planes in a collinear triplet through:
𝑤𝑤
𝑥𝑥
𝑠𝑠 ≡ � 𝑦𝑦
𝑧𝑧

−𝑥𝑥
𝑤𝑤
𝑧𝑧
−𝑦𝑦

𝑦𝑦
𝑧𝑧
𝑤𝑤
𝑥𝑥

𝑧𝑧
−𝑦𝑦
−𝑥𝑥�
𝑤𝑤

,

𝑢𝑢 ≡ 𝜕𝜕𝑤𝑤 𝑠𝑠
𝑖𝑖 ≡ 𝜕𝜕𝑥𝑥 𝑠𝑠
𝑗𝑗 ≡ 𝜕𝜕𝑦𝑦 𝑠𝑠
𝑘𝑘 ≡ 𝜕𝜕𝑧𝑧 𝑠𝑠

;

– 𝑖𝑖 2 = 𝑗𝑗 2 = 𝑘𝑘 2 = 𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑢𝑢
𝑠𝑠 = 𝑢𝑢𝑢𝑢 + 𝑖𝑖𝑖𝑖 + 𝑗𝑗𝑗𝑗 + 𝑘𝑘𝑘𝑘
det(𝑠𝑠) = (𝑤𝑤 2 + 𝑟𝑟 2 )2
𝑟𝑟 2 ≡ 𝑥𝑥 2 − y 2 − z 2
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With u as identity matrix the product rules in Eq. 5 resolve split-quaternion space into one complex
(w,x) plane with elliptic geometry, and two split-complex planes (w,y) and (w,z) with hyperbolic
geometry. Minus signs in det(s) secure co-ordinate domains with real roots for real eigenvalues of
matrix s. The accessible domains admit split-quaternion calculus by virtue of six local and six global
regularity conditions adapted from quaternion space, as validated by inductive proofs.
Split-quaternion matrix s carries two different eigenvalues counting twice as double zeroes of its
determinant in Eq. 5. These eigenvalues furnish four independent eigenvectors spanning reciprocal
space for momentum. The eigenvectors again define conjugate subspaces in pairs without co-ordinate
w, but now swirling solutions enter through chiral index χ by:
−𝑥𝑥𝑥𝑥 − χ𝑟𝑟𝑟𝑟 𝑥𝑥𝑥𝑥 − χ𝑟𝑟𝑟𝑟
𝑥𝑥𝑥𝑥 − χ𝑟𝑟𝑟𝑟 𝑥𝑥𝑥𝑥 + χ𝑟𝑟𝑟𝑟
� 2
, 2
, 0, 1� , � 2
, 2
, 1, 0�
2
2
y + z2
y +z
y + z2
y +z

, χ = ±1

(6)

with χ=±1 for swirls with opposite sense, smoothly joining vortex lines at their tangent borderline.
Figure 4 shows planar solutions with vortex patterns obtained from Eqs. 5, 6.

(a) χ = −1

(b) χ = 0

(c) χ = +1

(a) χ = −1

(b) χ = 0

(c) χ = +1

Figure 4. Circular borderline joins vortex lines in concentric grid sections. Yellow separatrix curves highlight twofold
symmetry about central axis. Green strings highlight dipolar vortex singularities. Chiral solutions (a, c) smoothly
reverse swirl at the borderline, whereas achiral solution (b) has kinks.

Figure 5. An equatorial band between polar caps tiles the sphere by Mercator projection. Yellow loops separate equal
surfaces, passing through tetrahedral vertices of inscribed cubes. Complementary cube vertices define the end points
of green vortex singularities. Nested vortex loops surround each singular string, with chiral solutions (a, c) remaining
smooth, and achiral solution (b) retaining its kinks.

By cartographic Mercator projections the disks in Fig. 4 tessellate unit spheres shown in Fig. 5,
mapping its rim on the equator, and eight dots on vertex points of the cube. Its separatrix is a closed
loop dividing the global surface into equal parts. Upper and lower cube faces cut out polar caps with
osculating circles as borderline. Hemi-spherical symmetry ensures smooth junctions for separatrix,
nested field loops and singularities at the equator alike. By these properties field lines serve as vortex
loops and singularities as dipolar line source in global solutions as vortex eigenstate.
In conditions for canonical form in ref. 10 conjugation simplifies to transposition for our real matrices.
Such matrices must satisfy the symplectic condition:
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Quaternion
0
0 1
0
0 0
𝐽𝐽 ≡ �
−1 0 0
0 −1 0

0
1
�
0
0

,

Canon
𝑞𝑞⋅𝐽𝐽 = 𝐽𝐽⋅𝑞𝑞
𝑖𝑖⋅𝐽𝐽 = 𝐽𝐽⋅𝑖𝑖
𝑗𝑗⋅𝐽𝐽 = 𝐽𝐽⋅𝑗𝑗
𝑘𝑘⋅𝐽𝐽 = 𝐽𝐽⋅𝑘𝑘

;

Split– quaternion
0 0 1 0
0 0 0 1
�
𝐽𝐽 ≡ �
1 0 0 0
0 1 0 0

,

Canon
𝑠𝑠⋅𝐽𝐽 = 𝐽𝐽⋅𝑠𝑠
𝑖𝑖⋅𝐽𝐽 = 𝐽𝐽⋅𝑖𝑖
𝑗𝑗⋅𝐽𝐽 = 𝐽𝐽⋅𝑗𝑗
𝑘𝑘⋅𝐽𝐽 = 𝐽𝐽⋅𝑘𝑘

(7)

with 4×4 Jordan matrix J. Substitution of matrix q in Eq. 7 readily verifies its symplectic nature.
Within ideal fluids vortex lines must close into loops, and circulation and flux are invariant as proved by
Helmholtz and Kelvin [13]. For planar vortex motion in such fluids Kirchhoff found Hamiltonian forms:
κ1

𝜕𝜕𝜕𝜕
𝑑𝑑𝑥𝑥1
=−
,
𝑑𝑑𝑑𝑑
𝜕𝜕𝑦𝑦1

κ1

𝑑𝑑𝑦𝑦1 𝜕𝜕𝜕𝜕
=
𝑑𝑑𝑑𝑑
𝜕𝜕𝑥𝑥1

,

𝑊𝑊 =

κ1 κ2
log(𝑥𝑥12 + 𝑦𝑦12 )
4𝜋𝜋

(8)

where κ denotes circulation, vortex 1 is free, and vortex 2 is fixed at the origin. Similar canonical forms
result from Clebsch’s transformation of the hydro-dynamical equations [13].
Beyond hydrodynamics Lamb’s treatise explicitly states that vortex filaments correspond to electric
currents, and fluid velocity corresponds to magnetic force in formulas of electromagnetism. Via
Clebsch’s transformation ref. 7 derives canonical dynamics for ideal magneto-hydrodynamic fluids.
Moving towards plasma stability the field and current directions may seek alignment in force-free
combinations with minimal dissipation [11]. Thus our quaternion model finds natural ball lightning with
its stunning energetics potential deeply rooted in Hamiltonian dynamics.
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Appendix A

Canonical quaternion dynamics

In ref. 12 quaternion functions gave us static 3D solutions for atmospheric charge distributions. With
quaternion arctangens we modeled thundercloud electrification by equipotential spheres sharing a
dipolar ring source. And a quaternion dipole source in a uniform field modeled cusped iso-surfaces as
for the Earth's magnetosphere in solar wind, or for the Meissner state of a superconducting sphere.
Here Kirchhoff’s logarithmic function in Eq. 8 takes the quaternion form :
𝑊𝑊 ≡ ½ ln(𝑤𝑤 2 + 𝑥𝑥 2 +𝑦𝑦 2 + 𝑧𝑧 2 )
{𝑋𝑋, 𝑌𝑌, 𝑍𝑍} ≡ {𝑥𝑥, 𝑦𝑦, 𝑧𝑧}𝜃𝜃/𝑟𝑟
;
2
2
2
2
𝑟𝑟 ≡ 𝑥𝑥 +𝑦𝑦 + 𝑧𝑧 ; tan𝜃𝜃 ≡ 𝑟𝑟/𝑤𝑤

𝑋𝑋𝑤𝑤 + 𝑊𝑊𝑥𝑥 = 𝑍𝑍𝑦𝑦 − 𝑌𝑌𝑧𝑧 = 𝑦𝑦 𝑍𝑍 − z 𝑌𝑌 = 0
𝑌𝑌𝑤𝑤 + 𝑊𝑊𝑦𝑦 = 𝑋𝑋𝑧𝑧 − 𝑍𝑍𝑥𝑥 = 𝑧𝑧 𝑋𝑋 − 𝑥𝑥 𝑍𝑍 = 0
𝑍𝑍𝑤𝑤 + 𝑊𝑊𝑧𝑧 = 𝑌𝑌𝑥𝑥 − 𝑋𝑋𝑦𝑦 = 𝑥𝑥 𝑌𝑌 − 𝑦𝑦 𝑋𝑋 = 0

;

𝑥𝑥𝑊𝑊𝑤𝑤 = 𝑥𝑥𝑋𝑋𝑥𝑥 + 𝑦𝑦𝑋𝑋𝑦𝑦 + 𝑧𝑧𝑋𝑋𝑧𝑧
𝑦𝑦𝑊𝑊𝑤𝑤 = 𝑥𝑥𝑌𝑌𝑥𝑥 + 𝑦𝑦𝑌𝑌𝑦𝑦 + 𝑧𝑧𝑌𝑌𝑧𝑧
𝑧𝑧𝑊𝑊𝑤𝑤 = 𝑥𝑥𝑍𝑍𝑥𝑥 + 𝑦𝑦𝑍𝑍𝑦𝑦 + 𝑧𝑧𝑍𝑍𝑧𝑧

(A1)

with twelve conditions for regularity, proved by induction in ref. 12. Corresponding rules for split
quaternions differ from the regular ones only by sign changes in the calculus rules.
For canonical formulas of arbitrary quaternion functions we use the procedure given in Goldstein [14].
Let a function f depend on time only through time-dependent co-ordinates w,x,y,z but not explicitly.
Denote the dependent variables by W,X,Y,Z and define their gradient GW through:
𝑓𝑓 ≡ {𝑤𝑤(𝑡𝑡), 𝑥𝑥(𝑡𝑡), 𝑦𝑦(𝑡𝑡), 𝑧𝑧(𝑡𝑡)}
𝑓𝑓𝑡𝑡 ≡ {𝑤𝑤𝑡𝑡 , 𝑥𝑥𝑡𝑡 , 𝑦𝑦𝑡𝑡 , 𝑧𝑧𝑡𝑡 } ≡ 𝜕𝜕𝑡𝑡 𝑓𝑓

𝐺𝐺𝐺𝐺 ≡ �𝜕𝜕𝑤𝑤 𝑊𝑊, 𝜕𝜕𝑥𝑥 𝑊𝑊, 𝜕𝜕𝑦𝑦 𝑊𝑊, 𝜕𝜕𝑧𝑧 𝑊𝑊�
�𝑊𝑊𝑤𝑤 , 𝑊𝑊𝑥𝑥 , 𝑊𝑊𝑦𝑦 , 𝑊𝑊𝑧𝑧 � ≡ 𝐺𝐺𝐺𝐺
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𝑊𝑊𝑡𝑡 ≡ 𝜕𝜕𝑡𝑡 𝑊𝑊

𝑊𝑊𝑡𝑡 = 𝐺𝐺𝐺𝐺. 𝑓𝑓𝑡𝑡

(𝐴𝐴2)
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where subscripts represent first partial derivates with respect to the co-ordinates. Then we find that
conservation of W demands three canonical pairs in the form:
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
=−
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕 �
�
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
=+
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
⎫
=−
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ⎬
⎨ 𝑑𝑑𝑑𝑑
⎩ 𝑑𝑑𝑑𝑑 = + 𝜕𝜕𝜕𝜕 ⎭
⎧

;

𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
=−
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕 �
�
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
=+
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕

;

(𝐴𝐴3)

as expected from our view of quaternion space {w,x,y,z} as resolvable into three collinear complex
planes {w,x}, {w,y} and {w,z}. By the present method conservation of W also follows from three other
canonical pairs:
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
⎫
=−
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ⎬
⎨𝑑𝑑𝑑𝑑
⎩ 𝑑𝑑𝑑𝑑 = + 𝜕𝜕𝜕𝜕 ⎭
⎧

;

𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
=−
𝜕𝜕𝜕𝜕 �
� 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
=+
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕

;

𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
⎧ =−
⎫
𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
⎨𝑑𝑑𝑑𝑑 = + 𝜕𝜕𝜕𝜕 ⎬
⎩ 𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕 ⎭

now resolving quaternion space into complex planes {x,y}, {x,z} and {y,z}. Surprise!
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(𝐴𝐴4)

